We study the quantum cosmology of the 2D Hawking-Page massless scalar-field model and the homogeneous and isotropic dilation-axion string cosmology. For both models we find new exact solutions for the Wheeler-DeWitt equation and for the supersymmetric wave function equations. We show that the Wheeler-DeWitt equations for the Hawking-Page model and the axion-dilaton string cosmology are invariant under a one-parameter and two-parameter squeezed transformations, respectively. These results allow to find new solutions for the wave functions of these systems at the quantum cosmology level. Also, we apply the same squeezed transformations to solve the supersymmetric wave equations and find new supersymmetric solutions for the 2D Hawking-Page massless scalar-field model and the homogeneous and isotropic dilationaxion fields. Besides, for the former case, with the help of separation of variables we find new supersymmetric wave functions.
Introduction
Quantum cosmology applies the principles of quantum physics to the Universe as a whole. The wave function of the Universe depending on the configuration space with its degrees of freedom (superspace) evolves according to the Wheeler-DeWitt (WDW) equation, which is an infinite-dimensional partial differential equation. Because of the serious difficulties in solving this functional equation, some solutions can be found in four dimensions in the so called minisuperspace approximation, where the inhomogeneous modes are frozen out before quantization. In the beginning of 1980 started an important development of quantum cosmology when it was introduced the idea that the Universe could be spontaneously nucleated out of nothing [1, 2] , where nothing means the absence of space and time. Once the nucleation took place the universe follows an inflationary expansion and maintains its evolution to the present. Nevertheless there are many relevant questions that remain to be solved like the right boundary conditions for the Wheeler-DeWitt equation. In 4-dimensional quantum cosmology there is nothing external to the Universe and the boundary conditions cannot be imposed safely, which it is not the case for quantum mechanics, and the question of the correct boundary condition remains unsolved. Several possibilities for such boundary conditions have been presented in Refs. [3] [4] [5] [6] [7] [8] . Different physical settings emerge if we choose different boundary conditions, e. g. if the wave function is exponentially damped for large three-geometries and is regular when the three-geometry collapses to zero we have wormholes. Hawking and Page [9] considered a minimally coupled massless scalar field and found its wormhole solution.
It is well known that symmetries play a central role to understand many properties of physical systems. They form the basis for selection rules that forbid the existence of certain states and processes. Also, from a given solution, symmetries allow us to obtain new solutions of the field equations. Moreover, the conserved quantity associated with a given symmetry represent an integrability condition.
Graham [10] found that there exists an N = 2 hidden supersymmetry for the bosonic part H 0 of the supersymmetric Hamiltonian in the minisuperspace approximation for the Bianchi type IX metric. It has been found that many cosmological models, such as Bianchi type-II model [11] , scalar-tensor cosmology [12] and the two-dimensional dilaton-gravity model [13] , possess hidden supersymmetry. The supercharges Q andQ at quantum level are operators and depend on the Grassmann variables. The supersymmetric wave function Ψ s is annihilated by the supercharges, QΨ s = 0 andQΨ s = 0. These supercharges constraints correspond to the Dirac-type square root of the WDW equation. Therefore, a set of coupled linear differential equations has to be solved to find Ψ s . This approach allows to avoid the secondorder WDW equation that needs suitable boundary conditions [3] [4] [5] [6] [7] which is an unsolved problem in 4-dimensional quantum cosmology. This is one of the must important advantages of using supersymmetry in quantum cosmology.
On the other hand, in the string cosmological scenario, the dilaton-graviton action is invariant under the scale factor duality, which is a subgroup of the O(d, d) T-duality group, being d the spatial number of dimensions. This scale factor duality leads to a supersymmetric extension of quantum cosmology [14] [15] [16] . The low energy four dimensional effective theory action of string theory contains two massless fields [17] . One of these scalar fields is called the axion χ and it comes from the third rank field strength corresponding to the Kalb-Ramond field, the other one is called the dilaton φ. The physical consequences of the axion in a curved spacetime has been investigated in the aim of finding possible indirect evidences of low energy string theory [18] [19] [20] [21] [22] . The dilaton is very important in string theory since it defines the string coupling constant g s as e φ/2 , it determines the Newton constant, the gauge coupling constants and the Yukawa couplings.
In this paper we focus our attention to find the supersymmetric wave function of two very similar systems, at least at the level of the WDW equation. We study the 2D model of the wormhole massless scalar field worked out by Hawking and Page [9] , which has been emerged in other cosmological contexts, as two-dimensional dilaton-gravity models [13] , and in scale factor duality and supersymmetry in scalar-tensor cosmology [12] . Besides, we study the FRWL string cosmology model proposed by Maharana [15, 16] . For both models we find several closed solutions of the WDW equation and for the supersymmetric wave function.
The paper is organized as follows. In Section 2 we show that de WDW equations of the 2D massless scalar field model and the axion-dilaton isotropic and homogeneous string fields are invariant under the so-called squeezed transformation (Lorentz transformation) and we use this fact to find new solutions for the wave functions for both models. In Section 3 we give the main results of the N = 2 supersymmetric quantum cosmology. Besides, we obtain new supersymmetric wave function solutions for the 2D massless scalar field model and the axion-dilaton string fields. By means of the squeezed transformations we find other new supersymmetric solutions for both models. The method of separation of variables is applied to obtain other set of of SUSY wave functions for the axion-dilaton string cosmology. In Section 4 we report the unnormalized probability density for the supersymmetric quantum cosmology cases. Finally, we give our concluding remarks.
2 Quantum cosmology for scalar fields
2D Massless Scalar-Field Model
The spacetime corresponding for the models that we study in this paper is described by the homogeneous and isotropic Friedmann-Robertson-Walker-Lemaitre (FRWL) metric for closed universes (k = 1)
where t is the cosmic time. Although our goal is to study the axion-dilaton string cosmology, we begin with a Hamiltonian which is very similar to the string cosmology Hamiltonian, at least mathematically. This 2D model is the wormhole massless scalar field studied by Hawking and Page [9] . We notice that this model has emerged in other cosmological contexts, as two-dimensional dilaton-gravity models [13] , and scale factor duality and supersymmetry in scalar-tensor cosmology [12] . The Wheeler-DeWitt (WDW) equation is given by
where H 0 is the Hamiltonian and the variables x and y are defined in terms of the massless scalar field φ and the scale factor a(t) by the relations x = a sinh φ, y = a cosh φ. Some solutions for this WDW equation are immediately found in terms of the harmonic oscillator Hermite functions, which are given by
where n ∈ N. These are the wave functions for the ground state (E = 0). Since n is an arbitrary integer number, there exists and infinite degeneracy to this energy. Also, the parity of the Hermite polynomials (−1) n implies that ψ is invariant under the duality transformation x → −x and y → −y.
If we consider the possibility of matter-energy renormalization [3] by introducing an arbitrary constant, the WDW equation takes the form
This equation admits analytical solutions if we consider that the constant E can be quantized. In this case, the solutions are
By introducing the light-cone coordinates
(u + v), the WDW equation (4) can be written as
We find that the solutions to this equation are
It is very important to note that equation (6) is invariant under the so-called squeezed transformation
and therefore, the squeezed-type functions
are eigenfunctions for the WDW equation with energy E = n, being η one parameter which takes arbitrary real values η ∈ R. These functions have been emerged in the context of Lorentz boots [23] .
In fact, it is straightforward to show that the squeezed transformation (8) is just the Lorentz transformation
which leaves invariant the WDW operator
Thus, because of this, from equation (5), the function
is a solution of the Wheeler-DeWitt equation (4), which is the same solution (9), but written in the variables x and y . Notice that because of the squeezed transformation (10), we have label these solution as depending on the free squeezed parameter η. Explicitly, the solution (12 ) is
(x 2 +y 2 ) cosh 2η+2xy sinh η cosh η , (13) which is a non-separable solution in the variables x and y with energy E = n − m.
On the other hand, if we propose ψ = e 1 2
x 2 g(y), the substitution into the WDW equation leads to dg(y)
whose solution is given by g(y) = c 1 e
y 2 erf (y). Similarly, if we propose ψ = e
x 2 g(y), we find that g(y) = c 1 e
y 2 erf (iy). Although these wave functions are not normalizable, it is possible to extract some physical information using conditional probability, see for example Ref. [24, 25] .
Performing the change of variables to the scale factor and the scalar field in the Hamiltonian (2), we obtain
whereas the angular momentum operator is L = −i
. It is easy to show that L is a constant of motion for the Hamiltonian defined in equation (2) . Thus the function ψ must be of the form ψ = e imφ f (a). Substituting this form for ψ into equation (15), it is found that f (a) = J ± im 2 (ia 2 /2).
Since we know that the standard Bessel functions are the Fourier coefficients of e iz sin φ [26] , we find that the wave packets
are solutions for the 2D WDW equation.
Axion-Dilaton Isotropic and Homogeneous String Cosmology
We give a summary of the Maharana's papers, Refs. [15, 16] , on the FRWL dilaton-axion string cosmology which are relevant to our work. In these references it has been considered the effective action
where R is the scalar curvature, √ −g is the determinant of the metric g µν , and φ and χ are the dilaton and axion fields, respectively. It has been shown that this action is invariant under the SU (1, 1) S-duality group. The corresponding WDW equation for the axion-dilaton string cosmology is given by
where in order to solve the ordering ambiguity between a and ∂/∂a, it was adopted the prescription that the resulting Hamiltonian respect invariance of coordinates in minisuperspace by setting p = 1. Since the action S is invariant under the SU (1, 1) transformations, also H is invariant under these transformations.Ĉ is the SU (1, 1) Casimir operator, which expressed in the pseudospherical coordinate system
is just the Laplace-Beltrami operator given bŷ
The axion and dilaton fields can be written in terms of the pseudospherical coordinates (19) as
The explicit solutions for the Wheeler-DeWitt constraint (18) on the pseudosphere were obtained from the SU (1, 1) group theory by identifying that the correct serie involved in quantum cosmology is the continuous one [16] . It was shown that
are common eigenfunctions for the non-compact operatorĈ with eigenvalue λ 2 + 1 4
and the compact generator −i∂ β , with eigenvalue m. The functions P m − 1 2 +iλ (cosh α) are the associated Legendre polynomials (also called toroidal functions), m is an integer or a half integer and λ > 0 and real [16] . Notice that for this case, by varying λ and m there exists and infinite degeneracy.
Thus, by setting the eigensolutions of the Hamiltonian (18), with p = 1, as
it was found that the scale-factor eigenfunctionsf (a) result to bef (a) = J ±i
(ia 2 /2), where 15, 16] . One of the main goals of the present paper is to find new solutions of the WDW equation and the supersymmetric wave function for the FRWL axion-dilaton string cosmology. Recognizing that equation (18) in the coordinates (19) with factor ordering p = 2 can be written as
turns out to be the key step to obtain new solutions of the WDW equation and the supersymmetric wave function of this model.
We could like to report a solution analogous to equation (3) for the wormhole model. However, because we have an odd number of oscillators, in this case, there is no such a solution.
We find a solution to the WDW equation as
In order to have a convergent wave state for |x|, |y|, |z| → ∞, we must set y ≤ |x|, y ≥ −|x|, z ≥ 0. If we set C 2 = 0, this function results to be regular at origin, and the exponential decreases faster than the Bessel function increases.
Also, other possible solution is
This solution is oscillatory in the y − z plane. Thus, although we set C 2 = 0 in Ψ to have a regular behavior at the origin, it is the growth of the Bessel function the responsible for the divergence of Ψ when x → ∞. It is interesting to note that although the wave function is not normalizable there exists the possibility to obtain physical information using conditional probability [24, 25] . The solutions (25) and (26) are solutions to the WDW equation (24) which are additional to those reported in Ref. [27] . If matter-energy renormalization is allowed, the WDW equation (24) takes the form
Because of our experience gained in the study of the 2D model, we immediately find that the solutions of this WDW equation are
We notice, for example, that the Lorentz transformation obtained from a rotation by an angle ω ∈ [0, 2π) on the x − y plane and a boost along the x−axis (η ∈ R)
leaves invariant the WDW operator
Thus,
is a solution. Because of the squeezed transformation (29), we have labeled this solution with the two free parameters ω and η. It is possible to perform an additional boost along the yaxis but the explicit expressions for the solutions are cumbersome. Other solutions are obtained by transforming our Hamiltonian (24) to the pseudospherical coordinates (19) with p = 2 in (18) . We obtain
withĈ the Laplace-Beltrami operator (20) . If we set Ψ as
then, the eigenvalues of the Laplace-Beltrami operator are given by
. Thus, we find that the scale-factor eigensolutions aref (a) = √ aJ ±iλ (
N = 2 Supersymmetric Approach to Quantum Cosmology
In the minisuperspace approximation the classical Hamiltonian constraint takes the form
where the metric G µν has the signature (−, +, +, +, ...), and q µ are the coordinates, µ = 0, 1, ..., D. The p µ are the momenta conjugate to these variables, and W represents the superpotential.
If exists a function I(q) which satisfies the Hamilton-Jacobi equation
then, the Hamiltonian H 0 represents the bosonic component of a supersymmetric Hamiltonian [10, 12, 13, [28] [29] [30] [31] . At quantum level it is introduced the fermionic degrees of freedom obeying the spinor algebra
which allows to write the non-Hermitian supercharges
Thus, the supercharges Q andQ are conserved. By choosing the representationφ µ = θ µ and φ µ = G µν ∂ ∂θ µ for the fermionic degrees of freedom, being θ µ Grassmann variables, and the boson degrees of freedom as p µ = −i ∂ ∂q µ , the quantized superspace Hamiltonian is given by
It can be shown that the last term vanishes in the classical limit [10] . Equations (38) and (39) represent the algebra for the N = 2 supersymmetry [12] . Thus, the supersymmetric WDW constraint means HΨ s = 0, where Ψ s is the supersymmetric wave function. Because of equation (38), the wave function Ψ s is annihilated by the supercharge operators
These constraints represent the so-called square root of the WDW equation. The supersymmetric wave function was found to have the general form [10]
where the eight functions A + , B ν , C ν and A − depend on the coordinates x, y, z, and are given by
where q ν = (z, y, x), G µν = diag(−1, 1, 1), d ± are constants and f ± (q) are functions which satisfy the equations
The functions A + and A − are the empty and filled fermion sectors of the Hilbert space.
2D Massless Scalar-Field Model
We are going to construct the supersymmetric wave function for the massless scalar field model. Since for this case µ, ν = 0, 1 , µνλ = 0 and in the last term of equation (41) the product of the Grassmann variables runs from 0 to 1. Thus equation (41) reduces to
where q µ = (y, x) and G µν = diag(−1, 1). The superpotential is found by solving the Einstein-Hamilton-Jacobi (35) and (2) . We find
We notice that this function is manifestly invariant under the duality transformation x → −x and y → −y.
To find f ± (q), we must to solve equation (43). To this end we use the anzatz, f ± = W ± e ±I introduced in the context of supersymmetric Bianchi type-II model [11] . Thus, equation (43) leads to ∂
This equation admits the family of solutions [9, 12] 
Since in 2D the SUSY wave function is given in terms of B 0 and B 1 , we use only W + .
In what follows we need the following properties of the Hermite functions
By using (48) we can show that the supersymmetric wave function coefficients B 0 and B 1 are given by
and thus,
where we have used second equality of equation (42), and A ± = e ∓I . A ± can be interpreted as the lowest-order WKB approximations of the bosonic Hamiltonian (2) of the WDW equation [13] . We notice that the SUSY wave state (52) has been obtained in Ref. [12, 13] by solving the equations (53)-(56) below. We have obtained them with the ansatz f ± = W ± e ±I . The same ansatz permit us to find a SUSY wave function for isotropic and homogeneous string cosmology.
Additionally, in what follows, we find a new supersymmetric wave function solution for the wormhole model. The annihilation of the supersymmetric state (44) by the supercharge operators (40) translates into the set of coupled, first-order partial differential equations
The solutions for A ± are immediately found to be A + = e −I and A − = e I . Introducing new functions defined by A = B 1 − B 0 , B = B 0 + B 1 and the new variables α = y + x and β = y − x, equations (55) and (56) can be rewritten as
The uncoupled differential equation for B results to be
Since I = α 2 +β 2 4
, solving this equation by separation of variables, we find B = c 2 αe
being c 1 and c 2 arbitrary constants of integration. By using the first of equations (57) we find
Using these results and the redefinitions c 1 → → c 2 , we find
Thus, with the above results, we have found the new supersymmetric wave function for the wormhole model
In order to have solutions which are bounded for |x|,|y| → ∞ we must set c 1 < 0.
It is very important to note that the operator in equation (58) and the equations (57) rewritten in the form
are invariant under the squeezed transformation α = e −η α and β = e β η. Since α = y + x and β = y − x, this transformation is equivalent to
Thus, any solutions for A and B in prime coordinates lead to the solutions B 0 (x , y ) = (A(x , y ) + B(x , y )) for equations (55) and (56) in the x -and y -coordinates. Because of the invariance we pointed out, by using the transformations (65) and (66) we could obtain B 0 (x , y ) and B 1 (x , y ) which also must be solutions for equations (55) and (56) in x-and y-coordinates. Based on this fact, if we set
then, by written them in the x-and y-coordinates (using (65) and (66)) together with
it can be shown that they satisfy equations (55) and (56). Also, by setting n = 1 and c 1 = −e 2η , we show that they reduce in full agreement to B 0 and B 1 given by equations (61) and (62), respectively. In this way we have shown that the supersymmwtric solution (63) is a very particular SUSY solution corresponding to B 0 and B 1 of equations (67) and (68) in the x − y coordinates. Now, if we use the squeezed transformation directly to the solution (61) and (62) in order to obtain a new solution, we just obtain the same solution with a new constant c 1 → e −2η c 1 . On the other hand, we notice that the differential operator of equation (46) is invariant under the squeezed transformation (10) (or that given by equations (65) and (66)). Thus because of the discussion of Sec. 2.1 its solution in the x -and y -coordinates are
By using the second expression of equation (42), with q µ = (y, x) and G µν = diag(−1, 1), we obtain
which can be written using the recurrence relation (50) for Hermite polynomials as
In these expressions x , y and I are given by equations (65), (66), and (69), respectively. It is important to note that equations (67)- (68) and equations (70)- (71) are each other independent solutions. Also, we point out that by setting n = 0 and c 1 = −e 2η , equations (70)-(71) reduce to (61) and (62) as a particular case.
We can observe from the last result that the Hermite polynomials H n (y )H n+1 (x ) and H n (x )H n+1 (y ) could be considered as a basis for the solutions of the wave functions. The more general supersymmetric wave functions can be written as
In section 5, related to the density of probability, we plot some typical unnormalized supersymmetric wave functions for (70) and (71). The plots of the solutions (67) and (68) are very similar to those reported in Section 5 of the paper.
Axion-Dilaton Isotropic and Homogeneous String Cosmology
We are going to construct the supersymmetric ground state wave function for this model. By solving the corresponding Hamilton-Jacobi to this equation, we get the superpotential
and thus, the bosonic and fermionic components of the ground state A + and A − are obtained in a straightforward way by means of the first relation in equation (42). Also, we notice that in this case the superpotential is manifestly invariant under the duality transformation x → −x, y → −y and z → −z.
On the other hand, the ansatz that we have used to find the supersymmetric wave function of the 2D wormhole model, f ± = W ± e ±I , permit us to reduce equation (43) to
which is the analogous of the WDW equation obtained for this model in Section 2.2 with energy E = ±1. We find that the solutions to these equations are
The ansatz f ± = W ± e ±I , (I = (x 2 + y 2 ) for the 2D massless scalar field model), allows to write the coefficients for the supersymmetric ground state, equations (42) as follows
This means that the SUSY ground state coefficients can be obtained by applying the creationannihilation operators to the potential-type functions W + and W − .
If we use the Hermite functions recursion relations (48) and (50), equations (42) allow us to find B ν and C ν . Thus, we obtain
These are the coefficients which fully determine the supersymmetric wave function Ψ s of equation (41) for the FRWL string cosmology model. An alternative set of equations for the supersymmetric ground state are obtained by the annihilation of the supersymmetric state (41) by the supercharge operators (40). This leads to the set of coupled, first-order partial differential equations
This set of equations is the analogous one to that for the wormhole model (53)-(56) introduced by Lidsey [12, 13] for the 2D wormhole model. By using the recursion relations (48) and (49) it is immediate to show that our functions (79)-(86) satisfy this set of differential equations.
To obtain another set of solutions to equations (89)- (96) we propose the separation of
and similar expression for B 1 , B 2 , C 1 and C 2 . After some calculations we find that
being c and d arbitrary constants. We emphasize that the set of equations (89)- (96) for the supersymmetric ground state of the FRWL string cosmology accept more general solutions that those which are obtained from equations (41)- (43) as it is shown in equations (97)- (102). Notice that if we set n = 2n − 1, m = n , c = 4n and d = 1 our SUSY ground state coefficients reduce in full agreement to those reported in equations (79)- (86). Since equation (75) is invariant under the Lorentz transformation (29), we proceed as in Section 3.1 for the two-dimensional case to obtain other set of supersymmetric solutions. W ± in prime coordinates is W ± = cH 2n+
Since B 0 = 
Similarly, since C 0 = − 
In equations (105)- (110) I is given by
+2xy sinh 2 η cos ω sin ω − 2xz sinh η cosh η cos ω − 2yz sinh η cosh η sin ω.
The above results is a set of non-separable solutions in the variables x, y, z for the supersymmetric wave function. These solutions are the generalization to the three-dimensional case of the solutions given in (70) and (71). Surprisingly, the corresponding squeezed version solutions of the equations (97)- (102) are not solutions for the supersymmetric wave functions which could be expected to be solutions in view of the results obtained in (67) and (68) for the massless scalar field case.
On the other hand, if we propose the anzatz B 0 = e −I ∂ z φ, B 1 = e −I ∂ y φ and B 2 = e −I ∂ x φ, with φ = X(x) + Y (y) + Z(z), we find the non-normalizable solutions
with α = β + γ,ã,b,c constants, and erf (x) the standard error function. Similarly, the anzatz C 0 = e I ∂ z ψ, C 1 = −e I ∂ y ψ and C 2 = −e I ∂ x ψ, with ψ =X(x) +Ỹ (y) +Z(z), we find
with δ = + ω,d,ẽ,f constants, and f er(x) ≡ 2 √ π x 0 e t 2 dt. Although the above wave functions are not normalizable, it is possible to get physical information by means of the conditional probability [24, 25] . 4 The unnormalized probability density |Ψ|
2
The unnormalized probability density of the supersymmetric wave function |Ψ| 2 is obtained by integrating over the Grassmann variables. It was shown that it is given by [11] In all the plots we report in this paper for the Hawking-Page scalar model, by demanding that |Ψ| 2 be finite when |x|,|y| → ∞ we have neglected the term e I in the SUSY wave function. In Fig. 1 , we have plotted the unnormalized probability density for the supersymmetric wave function of the two-dimensional Hawking-Page scalar model. For this case, B 0 and B 1 are given by (67) and (68). For n = 3, we have set η = 0, η = 0.3 and η = 1.3. In Figs. 2 and 3 , we have plotted the unnormalized |Ψ| 2 2D supersymmetric solutions given by equations (70) and (71) with η = 0, η = 0.3 and η = 1.3 for n = 0 and n = 1, respectively. Also, we have plotted the unnormalized probability density |Ψ| 2 for the supersymmetric axion-dilaton string cosmology solutions given by Eqs. (105)-(110). We observe that the coefficients remains finite as |x|, |y|, |z| → ∞, except the last term (e I ) of the SUSY wave function of equation (41). Fig. 4 , shows the probability density for n = 1, y = 0.5 and ω = 0 fixed, and varying η to take the values 0, 0.3 and 1.3, respectively. From the plots for the probability density we deduce that the squeezed supersymmetric solutions for the dilaton-axion cosmology possesses an analogous behavior as that for the massless scalar field. In fact, for both models the probability density is located mainly along the line x = y and this effect is enhance when n increases. When η takes negative values the probability density is located mainly along the line x = −y. In fact, these results are to be expected from the functional dependence of the exponential in terms of the light-cone coordinates α and β. In fig. 5 , we have fixed the values n = 0, z = 0.5, and η = 1 and we have choose ω to take the values 0, π/4 and π/2. This shows that in effect, the rotation along the z−axis in space leads to a rotation of the probability density.
Concluding Remarks
In this paper we have studied the quantum cosmology of the 2D Hawking-Page massless scalar field model and the homogeneous and isotropic dilation-axion string cosmology and we have obtained new solutions to their corresponding Wheeler-DeWitt equation.
Besides, we have found new supersymmetric wave functions for the Hawking-Page scalar field model and the FRWL string cosmology by means of the so-called squeezed transformation and by separation of variables. For the Hawking-Page scalar field model we were able to decoupled the differential equations that fulfill the functions B 0 and B 1 by means of the introduction of a new set of functions and the light cone coordinates. We get new solutions for B 0 and B 1 which are not written as a product of functions of the original variables. However this solution corresponds to a particular case of the solutions obtained by the squeezed transformations. In the case of the homogeneous and isotropic dilation-axion string cosmology, the solutions obtained by applying directly the method of separation of variables to the set of equations that satisfies the functions Bs and Cs contain as a particular case the solutions found by using the procedure of Graham [10] . It is remarkable that, as far as we know, this is the first time that it was possible to obtain this more general solution for the axion-dilaton case.
On the other hand, one of the more important features of the squeezed solutions is that they are not written as a product of functions of the original variables. Our new supersymmetric probability density possesses a rich variety of possibilities in its behavior which is very different from the well known standard solution. From the probability density plots we conclude that the supersymmetric solutions for the dilaton-axion cosmology and the massless scalar field possesses an analogous behavior. In fact, for both models the probability density is located mainly along the line x = y and this effect is enhance when n increases. When η takes negative values the probability density is located mainly along the line x = −y. Also, from the plots we deduce that the rotation along the z−axis in space leads to a rotation of the probability density.
In quantum cosmology the wave function of the Universe is constructed form suitable combinations of the solutions of the Wheeler-DeWitt equation depending on the prescriptions for boundary conditions that one adopt. Also, we point out that we can introduce a more general squeezed transformation depending on three-free parameters, obtained from a rotation around the z−axis and independent boosts along the x− and y−axis, which leaves invariant the WDW operator (30) . This would allow to obtain more general and complete solutions than those we have reported. Because of what we have seen in our analysis above, we can conjecture that for this case, a more rich behavior of the probability density would exist due to the squeezing effects. Finally, we emphasize that our procedure can be applied immediately to find the Wheeler-DeWitt solutions and the supersymmetric wave functions for multidimensional quantum wormholes studied in Refs. [32, 33] . These issues will be studied in a future work.
